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Abstract
We demonstrate under appropriate finiteness conditions that a coarse embedding induces an inequality of
homological Dehn functions. Applications of the main results include a characterization of what finitely pre-
sentable groups may admit a coarse embeddings into hyperbolic group of geometric dimension 2, characteriza-
tions of finitely presentable subgroups of groups with quadratic Dehn function with geometric dimension 2, and
to coarse embeddings of nilpotent groups into other nilpotent groups of the same growth and into hyperbolic
groups.
1 Introduction
A coarse embedding of one metric space into another generalizes the notion of a quasi-isometry. It allows
for the metric to be distorted by any functions that tend to infinity, rather than just linear functions allowed in
quasi-isometries.
Definition 1.1. We say that a map f : X → Y is a coarse embedding if there are functions ρ−,ρ+ : R→ R such
that limx→∞ρ−(x) = limx→∞ρ+(x) = ∞ and where the following inequality holds:
ρ−(d(x,y))≤ d( f (x), f (y))≤ ρ+(d(x,y)).
In geometric group theory, a coarse embedding is a geometric version of subgroup containment. Indeed, if
H is a finitely generated subgroup of G, then the inclusion map is a coarse embedding. Thus, there are questions
about which results on subgroups remain true when passing to coarse embeddings.
In general, coarse embedding are wilder than subgroups. For instance, every finitely generated, infinite group
admits a coarse embedding of Z, however, there are infinite finitely generated torsion groups. Moreover, in the
class of hyperbolic groups, there are coarse embeddings of Z2 into hyperbolic groups while it certainly can’t be
a subgroup.
For the statement of our theorems, we let FillkG(`) be the k-dimensional homological Dehn function for G
i.e. the difficulty of filling (k−1)-cycles with k-chains. Additionally, if f ,g : N→ N are functions, we say that
f ≺ g if there is a constant C> 0 such that for all n we have that f (n)≤Cg(Cn+C)+Cn+C. We say that f ∼ g
when f ≺ g and g≺ f . For a group G, we denote K(G,1) as a choice of an Eilenberg-Maclane space for G.
In this paper, we study the preservation of homological filling functions under coarse embeddings. It is known
that there are groups H ⊂ G for which the homological filling function vary greatly. For instance, consider the
inclusion GL3(Z)→ GL5(Z), the former has exponential Dehn function [4, Chapter 11] whereas the latter has
quadratic Dehn function[16].
This type of example does not exist if G is assumed to have cohomological dimension 2. See the remark
after Theorem 4.6 of [5].
Theorem 1.2. Let G be a group a cohomological dimension 2, and let H be a finitely presented subgroup. Then
Fill2H(`)≺ Fill2G(`).
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In this paper, we take a more geometric approach and prove a similar theorem for coarse embeddings. As
we cannot use the algebra of cohomology, we must replace the cohomological dimension assumption with the
corresponding geometric dimension assumption. We prove the following.
Theorem 4.2. Let G be a finitely presented group of geometric dimension 2, and suppose that H is a finitely
presented group which admits a coarse embedding into G. Then Fill2H(`)≺ Fill2G(`).
Due to [5, Theorem 5.2], we know that a finitely presented group G is word hyperbolic if and only if
Fill2G(`) ∼ `. Thus, the first consequence of the above theorem is that we provide a geometric generalization
of Gersten’s characterization of finitely presented subgroups of hyperbolic groups of geometric dimension 2 [5,
Theorem 5.4].
Theorem 4.3. Let G be a hyperbolic group of geometric dimension 2, and suppose H is a finitely presented
group that admits a coarse embedding into G. Then H is a hyperbolic group.
For the next corollary, we collect a few observations. First note that if δG(`) is the Dehn function of G, then
Fill2G(`) ≺ δG(`). Moreover, [11, Proposition 8] implies that if Fill2G(`) grows strictly slower than `2, then G is
hyperbolic. Thus, we may use Theorem 4.3 to obtain a characterization of subgroups of groups with quadratic
Dehn function of geometric dimension 2.
Corollary 1.3. Let G be be a finitely presented group of geometric dimension 2 with quadratic Dehn function. If
H is a finitely presented group that admits a coarse embedding into G, then either H is a hyperbolic group or H
has quadratic Dehn function. In particular, all finitely presented subgroups of G are either hyperbolic or have
quadratic Dehn function.
This next theorem generalizes [7, Theorem 1.1] to the context of coarse embeddings. In particular, it says
that under appropriate finiteness conditions the higher dimensional homological Dehn filling functions are non-
decreasing under coarse embeddings.
Theorem 4.4. Let k ≥ 1. Suppose that G admits a finite (k+ 1)-dimensional K(G,1) and that H is a finitely
presented group that admits a K(H,1) with a finite (k+ 1)-skeleton. If H admits a coarse embedding into G,
then Fillk+1H (`)≺ Fillk+1G (`).
As mentioned previously, the inclusion of a horosphere in hyperbolic (k+1)-space gives a coarse embedding
of Zk into pi1(M) when M is a closed (k+ 1)-dimensional real hyperbolic manifold. Thus, the above theorem
cannot be improved. However, the next application of Theorem 4.4 demonstrates that there exists no coarse
embedding of a torsion free, finitely generated nilpotent group whose integral cohomological dimension is k+1
into pi1(M). Thus, whenever a torsion free, finitely generated nilpotent admits a coarse embedding into pi1(M),
its integral cohomological dimension must be strictly less than that of the integral cohomological dimension of
M. This follows from the fact that [9, Theorem 4] implies all homological filling functions for hyperbolic groups
are linear and that [14, IV 5.8 Theorem] and [6] together imply the top dimensional homological filling functions
for torsion free, finitely generated nilpotent group are superlinear.
Corollary 1.4. Let G be a hyperbolic group that admits a finite (k+1)-dimensional K(G,1). Then a torsion-free,
finitely generated nilpotent group of Hirsch length k+1 cannot admit a coarse embedding into G.
More precisely, [14, IV 5.8 Theorem] and [6] imply that if G is a torsion free, finitely generated nilpotent
group of dimension n and has degree of growth d, then FillnG(`) ∼ `
d
d−1 . Thus, an application of Theorem
4.4 implies that G and H are torsion free, finitely generated nilpotent groups of the same integral cohomological
dimension where G has a degree of growth strictly less than that of H, then G does not admit a coarse embedding
into H. Since word growth is nondecreasing under coarse embeddings, we have that H does not coarsely embed
into G. For torsion free, finitely generated nilpotent groups of the same growth and integral cohomological
dimension but having distinct asymptotic cones, [3, Theorem 1.2] implies that there exists no coarse embedding
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from either G to H or vice versa. Thus, these facts together imply a nearly complete classification of what torsion
free, finitely generated nilpotent groups of the same integral cohomological dimension admit coarse embeddings
into each other.
Corollary 1.5. Let G and H be torsion free, finitely generated nilpotent groups of the same Hirsch length. If the
asymptotic cones of G and H are not isomorphic as Lie groups, then G and H cannot admit coarse embeddings
into one another.
The only case that remains is when two torsion free, finitely generated nilpotent groups G and H who have
the same asymptotic cone. These are groups will share many properties such as growth rate and integral co-
homological dimension. Moreover, by [14, IV 5.8 Theorem], we have that FillnG(`) ∼ FillnH(`) where n is the
topological dimension of the asymptotic cone. In certain cases, such as when G and H are cocompact lattices
in the associated asymptotic cone, we have that G and H are biLipschitz. Hence, they naturally admit coarse
embeddings into each other. However, when either G or H is not a lattice in the asymptotic cone, then whether
a coarse embedding or even a Lipschitz embedding exists is open.
Finally, we apply the techniques of Theorem 4.2, to obtain characterizations of finitely presented subgroups
of infinitely presented small cancellation groups.
Theorem 5.6. Let G be finitely generated group that admits an infinite C′(1/6)-small cancellation presentation
where no relator is a proper power. If H is finitely presented group that admits a coarse embedding into G, then
H is a hyperbolic group. In particular, all finitely presented subgroups of G are hyperbolic.
Thus, small cancellation groups contain no finitely presented subgroup obstructions to hyperbolicity. How-
ever, there are many examples of small cancellation groups that cannot coarsely embed into hyperbolic groups
[8].
1.1 Structure of the article
In Section 2, we introduce basic definitions and embedding results between CW complexes associated to Lip-
schitz embeddings between finitely generated groups. Using these embedding results, Section 3 introduces
homological filling functions and relates homological fillings of codimension 0 subcomplexes with fillings in
the ambient complex. Section 4 and Section 5 give the proofs of the main results. Section 6 finishes with some
questions.
Acknowledgements: The authors thank Ian Leary for answering questions concerning groups of geometric
dimension 2.
2 Embedding lemmas
Throughout, let f : H → G be a Lipschitz embedding. In this section, we will obtain various embedding results
between classifying spaces. Later we will use these to understand filling functions. But first some notation.
When given a CW complex X , we denote its k-skeleta as X (k). We denote Sk as the k-sphere and Dk as the
k-disk.
Definition 2.1. A Cayley n-complex for a group G is an n-dimensional cell complex X equipped with a free,
cellular G-action with one orbit of vertices such that pii(X) = 1 for all i< n. We say that X is cocompact if there
are finitely many orbits of k-cells for each k.
The 1-skeleton of a Cayley n-complex is a Cayley graph for G. Throughout we will assume that the 1-
skeleton is a simplicial graph. Thus, we can consider the map f as a map of vertices from any Cayley complex
for G to any Cayley complex for H.
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The following proposition follows immediately from the definition of type Fn.
Proposition 2.2. A group G is of type Fn if and only if it admits a cocompact Cayley n-complex.
This next lemma demonstrates that under appropriate finiteness conditions we may extend the Lipschitz map
f : H→ G to be an inclusion of cocompact Cayley n-complexes.
Lemma 2.3. Let H be a group of type Fn for n> 1 and let X be a cocompact Cayley n-complex for H.
Let G be a group of type Fn−1, and let Z be Cayley n-complex for G with a cocompact (n−1)-skeleton
Let f : H → G be a C-Lipschitz injection. Then there exists a Cayley n-complex Y for H such that the
following hold:
• Y has cocompact (n−1)-skeleton,
• Z is a deformation retract of Y ,
• there is a map φ : X → Y extending f , which is injective on n−1-skeleta,
• there exists N ≥ 0 such that each n-cell of X is mapped to a collection of ≤ N n-cells in Y .
Proof. As mentioned above, we can consider f as an injection at the level of 0-skeleta. We now show how to
extend across higher dimensional cells. Since f is C-Lipschitz, the end points of each edge of X are mapped to
points at distance at most C. Let Z′1 be the space obtained from Z by adding an edge between every pair of points
z1,z2 such that d(z1,z2)≤C. Since Z has a cocompact 1-skeleton, we only add finitely many orbits of edges in
this process.
For each orbit of edges [e] added to Z, let γe be a path in Z between the endpoints of e. Now attach a 2-cell to
Z′1 with boundary γee¯. Let Z1 be the complex obtained by adding these disks equivariantly. Since we only added
finitely many orbits of edges to Z to obtain Z′1, we only add finitely many orbits of 2-cells to Z
′
1 to obtain Z1. We
can now extend f to an injective cellular map X (1)→ Z(1)1 . See Fig. 1 for a depiction of this procedure.
z1 z2 z1 z2
 
Figure 1: An extra edge is added between every pair of points z1,z2 at distance ≤C. The resulting copy of S1 is
then filled with a disk.
We now proceed by induction. Suppose that we have built a complex Zk which has a cellular embedding
that extends f to the k-skeleton of X for some k < n−1 and where Z is a deformation retract of Zk. Moreover,
assume G acts cocompactly on the (n−1)-skeleton of Zk. Now since X is a cocompact Cayley n-complex, there
are finitely many orbits of (k+1)-cells. Let D1, . . . ,Dl be representatives of these orbits. Let L be the maximum
number of cells in the boundary of Di.
Let S be the collection of cellular maps Sk → Zk such that the image contains ≤ L k-cells. Let Z′k+1 be
the complex obtained by attaching a k+ 1-cell to each such map. Since H acts cocompactly on the (k+ 1)-
skeleton of Zk we only attach finitely many orbits of cells to obtain Z′k+1. Thus, H still acts cocompactly on the
(k+1)-skeleton of Z′k+1, and moreover, we have a cellular embedding X
(k+1)→ Z′k+1.
Now for each (k+1)-cell c added to Zk, its boundary is null-homotopic in Zk. Therefore, it bounds a (k+1)-
cell d in Zk. We can now attach a (k+2)-cell to Z′k+1 with boundary which consists of c on the upper hemisphere
and d on the lower hemisphere. Let the complex obtained this way be Zk+1.
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See Fig. 2, for a depiction of the 2-dimensional case.
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Figure 2: The 2-dimensional case from the proof of Lemma 2.3. We add an extra 2-cell for each disk diagram
with boundary w, where |w| ≤ L. We then fill the resulting sphere with a disk.
We will now show that Zk is a deformation retract of Zk+1. Let T = Zk+1/Zk be the space obtained by
collapsing Zk to a point. We can understand the space T by building it as follows. Let S = Z′k+1/Zk. Then S has
the homotopy type of a wedge of k-spheres as we obtained Zk+1 from Z by attaching k-cells. For each sphere in
S we attached a (k+1)-cell to Z′k+1. After collapsing Zk, the attaching map is homotopic to the identity S
k→ Sk.
Thus, we obtain T by attaching (k+1)-cells to S one for each sphere in S. Hence, T has the homotopy type of
a wedge of copies of Dk+1 which is contractible. Since Zk is a cellular subcomplex of Zk+1 with contractible
quotient, we see that Zk is a deformation retract of Zk+1. Thus, by induction Z is a deformation retract of Zk+1.
Now assume that we have a cellular embedding at the level of (n− 1)-skeleta. By assumption, there are
finitely many orbits of n-cells in X . Let µi,h : Sn−1→ X be the attaching map of the i-th n-cell based at h. The
number of cells in the image of µi,h is uniformly bounded as Sn−1 is compact and there are only finitely many
orbits of n-cells. Let L be the bound on the number of (n−1)-cells in µi,h(Sn−1). We have a cellular embedding
at the level of (n− 1)-skeleta; thus, φ ◦ µi,h(Sn−1) contains at most L cells. Since Z is a Cayley n-complex, we
have that φ ◦ µi,h bounds a copy of Dn. Thus, we can extend the map φ to the cell Di,h attached via µi,h by
sending the attached cell to the copy of Dn bounded by φ ◦ µi,h. The number of n-cells in the image of Di,h is
bounded by δ (L) where δ is the (n−1)-st filling function of Z.
Remark 2.4. By subdividing the n-cells of X , we may obtain a cellular map X ′→ Y .
Definition 2.5. We say that a map f : H→ G is a coarse embedding if there are functions ρ−,ρ+ : R→ R such
that limx→∞ρ−(x) = limx→∞ρ+(x) = ∞ and where the following inequality holds:
ρ−(d(x,y))≤ d( f (x), f (y))≤ ρ+(d(x,y)).
Proposition 2.6. Let f : H→ G be a coarse embedding. Then f is ρ+(1)-Lipschitz.
Proof. Let x,y be arbitrary elements of H. There is a sequence of elements x = z0,z1, . . . ,z` = y such that zi,zi+1
are at distance 1 and ` = d(x,y). Since zi,zi+1 are at distance 1, we have that d( f (zi), f (zi+1)) ≤ ρ+(1) and so
d( f (x), f (y))≤ ∑i d( f (zi), f (zi+1))≤ `ρ+(1) = ρ+(1)d(x,y).
In the presence of a coarse embedding, we may quantify how badly injectivity fails at the level of n-skeleta.
Lemma 2.7. Let X be a cocompact Cayley n-complex for H. Let Z be a Cayley n-complex for G with cocompact
n−1 skeleton. Let Y and φ : X → Y be the complex and map as in Lemma 2.3. Let X ′ be the subdivision from
Remark 2.4. Suppose further that f is a coarse embedding.
Then there is a constant L such that if x1,x2 ∈ X ′ are such that f (x1) = f (x2), then d(x1,x2)< L.
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Proof. Let x1,x2 be points of X ′ that are identified in Y . Since φ is an injection on X (n−1) ⊂ X ′, we see that
x1,x2 must belong to the interior of an n-cell. Let N be the constant from Lemma 2.3. We can see that there are
vertices v1,v2 of X such that d( f (vi), f (xi))≤ N. Thus, d( f (v1), f (v2))≤ 2N.
Let L′ = sup{t ∈ R | ρ−(t)≤ 2N+1}. We can now see that d(v1,v2)≤ L′ and d(x1,x2)≤ L′+2N = L
In fact, the conclusions of this lemma do not require coarse embedding. See Fig. 4 for an example where the
conclusions of this lemma hold but the map is very far form a coarse embedding.
Theorem 2.8. Let X ,Y,φ be as in Lemma 2.3. Let M = φ(X)⊂ Y . Give M(1) the graph metric and extend this
to M. Then X is quasi-isometric to M.
Proof. Let X ′ be the complex obtained from Remark 2.4. Since φ : X ′→ Y is a cellular map, we see that it is
Lipschitz when restricted to 1-skeleta which gives us the upper bound in the quasi-isometry.
To obtain the lower bound, let x1,x2 be two vertices in X ′. Let yi = φ(xi). Let d1, . . . ,dλ be a minimal path
from y1 to y2 in M(1). Hence, we have d(y1,y2) = λ . Since φ : X ′→M is surjective and cellular, we can find an
edge ei in X ′ such that φ(ei) = di.
By Lemma 2.7, we must have that d(τ(ei), ι(ei+1)) ≤ L. Also, d(x1, ι(e1)),d(τ(eλ ),x2) ≤ L. Thus, we can
find a path in X (1) from x1 to x2 with at most Lλ +λ +2L edges. That gives an upper bound for d(x1,x2), and
thus, we obtain the following:
d(x1,x2)
L+1
− 2L
L+1
≤ d(y1,y2).
The reader should have the following example in mind. Let Y = H3 and X = R2. Let φ : X → Y be the
inclusion of X as a horosphere in Y . Then φ(X) and M are isometric. However, φ is not a quasi-isometric
embedding.
Another example of a coarse embedding Z→ Z2 is in Fig. 3.
Figure 3: The map n 7→ (log2(|n|+ 1),n) is a coarse embedding which is not a quasi-isometry. However, it is
easy to see that the image of the induced map on Cayley graphs with the induced path metric is quasi-isometric
to R.
3 Homological filling functions
Throughout this section, we denote Cd(X ,Z) as the cellular d-dimensional chain group X . Define a norm on
Cd(X ,Z) by |∑σ nσσ |=∑σ |nσ |, where the sum runs over all d-cells of X . Note that this is well defined as these
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are finite sums.
Let Zd(X ,Z) be the Z-module of integral d-cycles of X , and let ∂ : Cd+1(X ,Z)→ Zd(X ,Z) be the boundary
map.
Definition 3.1. Let S be a collection of (n− 1)-cycles in a space X . Suppose that each element of S is the
boundary of an n-chain. Define the filling volume of s ∈ S to be:
FVolX (s) = min
{
∑
i
|αi|
∣∣∣∣∣∑i αiσi ∈Cn(X ,Z) where ∂
(
∑
i
αiσi
)
= s
}
.
We define the S-restricted n-th filling function of S to be:
FillnX ,S(`) = max{FVolX (s) | |s| ≤ `,s ∈ S} .
In the case that S is the collection of all (n−1)-cycles in X , we obtain the usual homological filling function
for X which we denote as FillnX (`). Also, for any collection S of (n−1)-cycles, we have that FillnX ,S(`) FillnX (`).
In the case that X has a group action that is cocompact on X (n−1), then FillnX (`) is well-defined.
The following lemma follows from [1, 15] where the action of a group was not used to show invariance under
quasi-isometry. We produce it here for convenience.
Lemma 3.2. Let X ,M,φ be as in Lemma 2.3. If S be the set of all (n−1)-cycles in X, then
FillnX (`) = Fill
n
X ,S(`)∼ FillnM,S(`).
Proof. Let X ′ be the complex from Remark 2.4. Each n-cell of X is subdivided into at most N n-cells of X ′
where N is the constant from Lemma 2.3. Thus, we obtain FillnX ,S(`)∼ FillnX ′,S(`).
Since we have a cellular map X ′→M, a filling in X ′ maps to a filling in M, and thus, FVolX ′(s)≥ FVolM(s).
As such, we obtain the upper bound FillnM,S(`)≺ FillnX ′,S(`).
To prove the other direction, we construct a quasi inverse to φ , i.e., a (K,C)-quasi-isometry ψ such that
ψ(φ(x))≤C for all x∈ X . Let g be the inverse of φ |X(n−1) . By construction, φ is injective on X (n−1). Therefore, g
is well-defined. Now for each vertex of M\φ(X (n−1)) define ψ(v) to be any of the closest vertices of φ(X (n−1)).
Since X is (n− 1)-connected, we can extend this to higher cells by sending a cell to a minimal filling of its
boundary.
Let δm be the m-th isoperimetric function for X . Since at each stage of the process of Lemma 2.3, we were
only taking finitely many cells for our fillings, we see that there exists a k such that the boundary of each `-cell of
M contains≤ k (`−1)-cells of M. Thus, the boundary of each n-cell of M is sent to at most k(δ n−2(. . .k(δ 0(K+
C) . . .) (n−1)-cells of X . Hence, each n-cell is sent to at most δ n−1(k(δ n−2(. . .k(δ 0(K+C) . . .) n-cells, and so,
we see that fillings are changed by at most a constant multiple. Therefore, the functions are equivalent.
The above lemma allows us to study fillings in M and obtain information about fillings in X . However,
we need relate this to fillings in Y . In general, there will be more efficient fillings in Y that are not contained
in M. For instance, in the previous example where M is a horosphere in H3, the fillings in M are quadratic
in the boundary length but there are linear fillings in H3. The next lemma shows that this issue vanishes for
top-dimensional filling functions.
Lemma 3.3. Suppose that Y is an n-dimensional complex with Hn(Y ) = 0. Let M be a subspace and c be an
(n−1)-cycle in M. Suppose that c is the boundary of an n-cycle d = ∑iαiσi in M. Then FVolM(c) = FVolY (c).
Proof. We show the stronger statement that homological fillings of (n−1)-cycles in Y are unique.
Since Y is n-dimensional and Hn(Y ) = 0, we see that ker(∂n) = 0. Now suppose we had another filling d′ for
c. We then see that d−d′ is an element of ker(∂n) and hence is trivial. Thus, d = d′, and the result follows.
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We can now use this to bound the homological filling function of M in terms of that of Y .
Corollary 3.4. Let Y,M be as in Lemma 3.3. Then Filln−1M (`)≺ Filln−1Y (`).
4 Proof of Main Theorems
In this section, we will prove Theorems 4.2, 4.3, and 4.4. We start with the definition of the n-th homological
filling function for a group of type Fk.
Definition 4.1. Let G be a group acting properly, cocompactly, by cellular automorphisms on an n-connected
cell complex X . The k-th homological Dehn filling function of G is the function FillkG(`) : N→ N given by
FillkG(`) = Fill
k
X (`).
We remark that Young [15] proved that FillkG(`) is a well defined invariant of a group meaning that if G
acts properly, cocompactly, and by cellular automorphisms on two n-connected cell complexes X and Y , then
FillkX (`)∼ FillkY (`).
We start with Theorem 4.2 whose statement we recall for the convenience of the reader.
Theorem 4.2. Let G be a finitely presented group of geometric dimension 2, and suppose that H is a finitely
presented group which admits a coarse embedding into G. Then Fill2H(`)≺ Fill2G(`).
Proof. We split into two cases, first assuming that G admits a cocompact K(G,1) of dimension 2. Let K be
the universal cover of this K(G,1), i.e. K is a contractible 2-dimensional cell-complex with a free, proper, and
cocompact action of G. Let f : H → G be the given coarse embedding, and let X be the universal cover of
the presentation complex of H associated to some finite presentation of H. By Proposition 2.6 we have that
f is C-Lipschitz for some C. By Lemma 2.3, there exists a Cayley 2-complex Y for G that contains K as a
subcomplex which has a cocompact 2-skeleton and a map φ : X → Y which extends f and is an injection on 1-
skeleta. Moreover, we have that each 2-cell is mapped to a collection at most N 2-cells in Y , and by subdividing
if necessary, we may assume that φ is a cellular map. Define M = φ(X). Letting S be the set of 1-cycles of X in
Y , Lemma 3.2 implies that Fill2M,S(`)∼ Fill2X ,S(`). Since Corollary 3.4 implies that Fill2M(`)≺ Fill1Y (`), we have
that Fill2X (`)≺ Fill2Y (`). Therefore, we have that Fill2H(`)≺ Fill2G(`) as desired.
Now suppose that G does not admit a cocompact K(G,1) of dimension 2. By contracting a maximal tree in
K(G,1)(1), we may assume that there is a single vertex in K(G,1). Thus, this classifying space is the presentation
2-complex of an infinite aspherical presentation 〈S | R〉. Let K be the universal cover of this presentation 2-
complex.
Since G is finitely generated, there exists a finite subset of S that generates G. Let {x1, . . . ,x`}= A be such a
subset. We have an inclusion ψ of the Cayley graph Γ of G with respect to A to the complex K.
We can find a finite presentation of the form 〈A |w1, . . . ,wm〉. Let Z be the universal cover of the presentation
complex associated to this presentation.
We can extend ψ to a map φ : Z→ K as follows. Each relation wi is trivial in H and thus bounds a disk in
H. This disk is spanned by the relators in R. We can now map the disk with boundary wi to the image of a disk
diagram for wi in K. We now extend this equivariantly to all of Z.
Let M = φ(Z). Since φ is G-equivariant, we see that the action of G on Z gives an action of G on M. Since
every point of M is at bounded distance from a point in the image of Γ, we see that this action is proper and
cocompact. Thus, Z is quasi-isometric to M. By Lemma 3.2, we have that Fill2Z(`)∼ Fill2M(`).
Using Lemma 2.3, we can obtain a map X → Z where X is the universal cover of a presentation complex for
H. We can compose with the map Z→M. Let L be the image of X in M. Then Lemma 2.7 shows that L and X
are quasi-isometric and so Fill2X (`)∼ Fill2L(`).
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Since K is contractible, we have that H2(K) = 0. Since there are no 3-cells in K, we see that ∂ : C2(K)→
C1(K) is injective. Thus, if we restrict to C2(L), we also obtain an injection. Therefore, H2(L) = 0.
Now, by Lemma 3.3, we see that Fill2L(`)≺ Fill2M(`). Thus, Fill2H(`)≺ Fill2G(`).
Theorem 4.3 is a direct consequence of Theorem 4.2. However, we felt that Theorem 4.3 is interesting in its
own right and demonstrates that hyperbolicity of groups of geometric dimension 2 passes to finitely presented
groups which admit a coarse embedding to the given hyperbolic group. This is contrast to higher geometric
dimensions where there exist hyperbolic groups which admit coarse embeddings of Z2.
Theorem 4.3. Let G be a hyperbolic group of geometric dimension 2, and suppose H is a finitely presented
group that admits a coarse embedding into H. Then H is a hyperbolic group.
Proof. Due to [5, Theorem 5.2], we know that a finitely presented group G is word hyperbolic if and only if
Fill1H(`)∼ `. Theorem 4.2 implies that Fill2H(`)≺ Fill2G(`)∼ `. Therefore, Fill2H(`)∼ ` which implies that H is
hyperbolic as desired.
The proof of Theorem 4.4 is very similar to the proof of Theorem 4.2 in the case where G has a cocompact
K(G,1) of dimension 2. However, we include its proof for completeness.
Theorem 4.4. Let k ≥ 1 Suppose that G admits a finite (k+ 1)-dimensional K(H,1) and that H is a finitely
presented group that admits a K(H,1) with a finite (k+ 1)-skeleton. If H admits a coarse embedding into G,
then Fillk+1H (`)≺ Fillk+1G (`).
Proof. Let f : H → G be the given coarse embedding, and let X be the universal cover of the K(H,1) as in the
theorem statement. By definition, we have that f is an injective C-Lipschitz map for some constant C > 0. By
Lemma 2.3, there exists a Cayley k-complex Y for G with cocompact k-skeleton and a map φ : X → Y which
extends f and is an injection on k-skeleta. Moreover, we have that each (k+ 1)-cell is mapped to a collection
at most N (k+ 1)-cells in Y , and by subdividing if necessary, we may assume that φ is a cellular map. Define
M = φ(X). Letting S be the set of k-cycles of X in Y , Lemma 3.2 implies that Fillk+1M,S(`) ∼ Fillk+1X ,S (`). Since
Corollary 3.4 implies that FillkM(`) ≺ Fillk+1Y (`), we have that Fillk+1X (`) ≺ Fillk+1Y (`). Therefore, we have that
Fillk+1H (`)≺ Fillk+1G (`) as desired.
5 Small cancellation groups
In this section, we prove Theorem 5.6. For the following, we let F(A) be the free group on the set A.
Definition 5.1. Let A be a finite set. Let R be a subset of F(A). We say that p ∈ F(A) is a piece in R if there
exists cyclic permutations si 6= s j of relators ri,r j ∈ R such that si = pu and s j = pv.
We say that a presentation 〈A | R〉 satisfies the small cancellation condition C′(λ ) if given a piece p in a
relator r, we have that |p|< λ |r|.
We refer the reader to [10, Section V] for a full treatment of small cancellation theory. The following will be
key to our theorem.
Theorem 5.2. If G = 〈A | R〉 satisfies C′( 16 ) and no relator is a proper power, then
• The presentation 2-complex of G is aspherical,
• G has geometric dimension 2.
• If R is finite, then G is hyperbolic.
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The first two points follow from [2, 12]. The latter follows from the following theorem which shows that G
has linear Dehn function.
Theorem 5.3. [10, Theorem V.4.5] Let G = 〈A | R〉 be a small cancellation group with R finite. Let w be a word
in A. Suppose w represents the trivial element in G. Then w contains a sub-word which is more than half a
relator.
We can in fact prove this theorem without the requirement that R is finite.
Lemma 5.4. Suppose 〈A | R〉 satisfies C′( 16 ) with A finite. Suppose that w is a word representing the identity.
Then w contains a sub-word which is more than half a relator.
Proof. Since w is trivial, we can write it as a product of conjugates of relators. This is a finite product, and thus,
we let r1, . . . ,rl be the relators appearing in this product. Then w is trivial in the group 〈A | r1, . . . ,rl〉. Since
C′( 16 ) is preserved under taking sub presentations, Theorem 5.3 shows that w contains a sub-word which is more
than half of one of the relators r1, . . . ,rl .
This allows us to understand the filling function of the universal cover of the presentation complex.
Corollary 5.5. Let 〈A | R〉 be a C′( 16 ) small cancellation group. Let Z be the universal cover of the presentation
complex. Then Fill2Z(`) is linear.
We are now ready to prove our theorem.
Theorem 5.6. Let G = 〈A | R〉 be a C′( 16 ) presentation where no relator is a proper power. If H is a finitely
presented group that admits a coarse embedding into G, then H is hyperbolic. In particular, all finitely presented
subgroups of G are hyperbolic.
Proof. Let H be a finitely presented group with a coarse embedding f : H→ G. Let Z be the universal cover of
the presentation complex for G. Let X be the universal cover of a presentation complex for H. By Lemma 2.3,
we have a cellular map φ : X → Y where Y is a Cayley 2-complex for H containing Z as a deformation retract.
Thus, Y is contractible.
Let M = φ(X). Then Theorem 2.8 shows that X and M are quasi-isometric and by Lemma 3.2, they have
equivalent filling functions.
Since Y is aspherical, we see by Lemma 3.3 that Fill2M(`) ≺ Fill2Y (`). The latter is equivalent to a linear
function by Corollary 5.5. Thus, X satisfies a linear filling function, and hence, H is a hyperbolic group by [5,
Theorem 3.1].
6 Future Questions
We finish with some discussion of questions of interest to the authors. Throughout this article, we considered
coarse embeddings. However, one could weaken this condition to considering Lipschitz embeddings which are
not coarse embeddings. In many cases, our theorems still hold. For example, in Fig. 4, we show an example
where f is a Lipschitz embedding which is not a coarse embedding but the subcomplex is quasi-isometric to
the group. This gives evidence to a possible strengthening of Theorem 4.2 and 4.4 where Lipschitz embeddings
take the place of coarse embeddings. We do not know of a counterexample at this time. Therefore, we have the
following questions.
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Figure 4: An example of a Lipschitz injection Z→ Z2. In this example for any D there are points in Z of
distance ≥ D such that there images have distance 1. However, the induced path metric on the subcomplex is
quasi-isometric to Z.
Question 6.1. Suppose that H is a group of type Fk+1. Suppose that G admits a finite (k+ 1)-dimensional
K(G,1). If H admits a Lipschitz embedding into G, does there exist an inequality of (k+ 1)-th dimensional
homological Dehn functions?
If not, can one find an example of groups G and H as above where there exist a Lipschitz embedding of H
into G where H has strictly higher (k+1)-th dimensional homological Dehn function than G?
Through Theorem 4.3, we generalize [5, Theorem 5.4] to coarse embeddings. However, one may ask if the
same holds for a general Lipschitz embedding.
Question 6.2. Let G be a hyperbolic group of geometric dimension 2. If H admits a Lipschitz embedding into
G, is H necessarily hyperbolic?
Another finiteness question that we are interested in involves cohomological and homological dimension
over a ring R. As originally proved by Sauer [13], if we are given a coarse embedding of H into G where both
G and H have finite cohomological (homological) dimension over R, then the cohomological (homological)
dimension of H is bounded by that of G. We may ask a similar question for Lipschitz embeddings.
Question 6.3. Suppose that H admits a Lipschitz embedding into G and that G and H both have finite cohomo-
logical dimension over a commutative ring R. Is the R-cohomological dimension of H bounded above by that of
G?
If not, can one find an example of a Lipschitz embedding of groups G and H where H has strictly greater
R-cohomological dimension than that of G?
The last question concerns what finiteness conditions are preserved by coarse embeddings.
Question 6.4. Suppose that we are given a coarse embedding from H to G. If G is of type F, does that mean
that H is of type F∞?
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